JACOBIAN NULLWERTE ASSOCIATED TO HYPERELLIPTIC 

RIEMANN SURFACES 

ROBIN DE JONG 

Abstract. We prove a formula expressing the product of certain Jacobian Nullwerte, 
associated to hyperelliptic Riemann surfaces, as a product of certain Thetanullwerte. 
Doing so we prove part of a conjecture formulated by Guardia. 



1. Introduction 

Jacobi's derivative formula is a classical result relating the derivative of an odd theta 
function to a product of Nullwerte of even theta functions: let r\\ be the odd analytic 
theta characteristic in genus one, and let 772,773,774 be the even ones. We then have an 
equality 

0[»ji]'(O;t) = -^% 2 K0;t)% 3 ](0;t)%4](0;t) 

of functions of r in the complex upper half plane. It is natural to ask for generalisations 
of this identity to theta functions in higher dimensions. Let g > 2 be an integer and 
let Tig be the Siegel upper half-space of degree g consisting of the symmetric complex 
g x g-matrices with positive definite imaginary part. For z € C 9 (viewed as a column 
vector), t £ Tig and 77,77' € ^Z 9 we have the theta function with characteristic 77 = [*„] 
defined by 

i%]0;t) := ^2 exp(m t (n + r]')T(n + r]')+2m t (n + r]')(z + r]'')). 

n6Z 9 

We shall always agree that the entries of 77', 77" are in the set {0,1/2}. For a theta 
characteristic 77, the theta function $[t7](,z;t) is either even or odd as a function of z. 
We call 77 even if ■d[rj\{z]T) is even, and odd if $[77] (2; r) is odd. Now let 771,..., rj g be 
g odd theta characteristics in dimension g. We define the Jacobian Nullwert in these 
characteristics to be the jacobian 

J( Vl , . . . , Vg )(r) := (d($[ m ], . . . , t%])/3(*i, . . • , * fl ))(0; r) . 

These functions are modular forms on H g . Generalisations of Jacobi's derivative formula 
involving Jacobian Nullwerte have been obtained in the nineteenth century by Riemann, 
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Thomac, Rosenhain, Frobenius and others. For example, in the case g = 2 we have the 
famous Rosenhain formula. 

Theorem 1.1. (Rosenhain, |22| ) Let rji,...,i]Q be the six odd theta characteristics in 
g = 2. Let t G H.2- Then for every pair of distinct r)k,f]i> the identity 

J(vk, m)(r) = ±K 2 n d bn> + »» - ^K°; T ) 

m^k,l 

holds. Here the sum r]k — r\ m is taken modulo 1, and the characteristics rjk +rji — r\ m 
occurring in the product are even. 

In the twentieth century there was a renewed interest in Jacobian Nullwerte, in connec- 
tion with the question whether the ring of Thetanullwerte is integrally closed. The ring of 
Thetanullwerte is the C-algebra generated by the functions $[77] (0; r) on Tt g , where 77 runs 
over the set of even analytic theta characteristics. A general result concerning Jacobian 
Nullwerte was proven by Igusa. In order to state this result, we need to introduce the 
notion of a fundamental system of theta characteristics. 

Definition 1.2. For an analytic theta characteristic 77, we put e(if) := 1 if 77 is even, 
and e(rj) := —1 if rj is odd. Given three analytic theta characteristics 771,772,773 we de- 
fine e (771, 772) := e(77i)e(?72)e(77i +772) and 6(771,772,773) := e{rji)e(rj 2 )e(rj a )e{rii + 772 + 773). 
We say that a triplet {771,772,773} is azygetic (resp. zygetic) if 6(771,772,773) = —1 (resp. 
6(771,772,773) = 1). A fundamental system of analytic theta characteristics is a set S = 
{771, . . . , r)g,r)g+i, . . . , 772^+2} of 2<7 + 2 theta characteristics such that the r)i,...,r)g are 
odd, the r/g+i, . . . , 772 ff +2 are even, and every triplet {rjk, TH,r] m } C S is azygetic. 

Theorem 1.3. (Igusa |12| ) Let rji,...,rj g be odd analytic theta characteristics such that 
the function J(rji, . . . ,77 9 )(t) on TL g is not identically zero and is contained in the ring of 
Thetanullwerte. Then 7]i, . . . ,rj g can be completed to form a fundamental system, and: 

2g+2 

J(77i,...,77 9 )(r)=^ J2 ±11 «0;t), 

{i7 a+ i,...,773 S +2}eS k=g+l 

where S is the set of all (g + 2)-tuples {77^+1 , . . . , 7723+2} of even theta characteristics such 
that {771 , . . . , r) g , %+i , ■ • • , 7723+2} form a fundamental system. If t is a period matrix of a 
hyperelliptic Riemann surface, then there is exactly one non-zero term in the sum at the 
right hand side of the equality. 

Now, consider a hyperelliptic Riemann surface X of genus g > 2. Fix an ordering 
W-y, . . . , W 2g +2 of the Weierstrass points of X, i.e., the ramification points of a hyper- 
elliptic map X — > P 1 . Given this ordering, we have a canonical symplectic basis of the 
homology of X, cf. [23, Chapter Ilia, §5. Consider next an equation y 2 = f(x) for X 
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with / monic of degree 2g + 1 and putting W2 g +2 at infinity. We denote by fii, . . . ,fi g the 
holomorphic differentials on X given in coordinates by \x\ = dx/2y, . . . , /j, g = x 9 dx/2y. 
Let (/x|/Lt') be the period matrix of these differentials on the canonical sympletic basis 
given by our ordering of the Weierstrass points of X. It is well-known that the ma- 
trix \i is invertible; we put r := Let Ja,c(X) := C 9 /Z 9 + rZ 9 be the jacobian 
of X associated to these data and let k € Jac(X) be the Riemann vector correspond- 
ing to infinity. Consider then the Abel-Jacobi map u : Pic g _i(X)-^-»Jac(X) given by 
J2 m kPk >-> J2 m k J^ k t ("u ...,v g )+K, where {v x , ...,v g } := {/ii, ...,fi g }- t fj," 1 . This 
map induces an identification of the set of classes of semi-canonical divisors on X (i.e., 
divisors D with 2D linearly equivalent to a canonical divisor) with the set of theta char- 
acteristics, the class [D] of D corresponding to r\ = [ v „] where w([D]) = [r/ + r ■ rf']. In 
our case we can be even more precise. For any subset £of{l,2,...,2<7+l} we define a 
theta characteristic r/s as in [23 > Chapter Ilia: let 

, 1< k<g+l, 



V2k-1 = 



'(o , ... ,0 , § ,0 , ... ,0) " 

'($,..., 4, 0,0,...,0). 
*(0 ,0, \ ,0, ... ,0) 
'(i ... i A,0,...,0) 



1 < k < g . 



where the non-zero entry in the top row occurs in the k-th position. Then we put 775 := 
Sfces 7 ?fc where the sum is taken modulo 1. We extend this definition to subsets S of 
{1,2,..., 2g + 2} by putting rj s := T, fees ij k - Put U := {1,3,..., 2g + 1} and let o 
denote the symmetric difference. 

Lemma 1.4. Let X be a hyperelliptic Riemann surface of genus g > 2 and fix an ordering 
W\, . . . , Wig+i of its Weierstrass points. Consider the identification of the set of classes 
of semi- canonical divisors with the set of analytic theta characteristics as above. 

(i) The semi- canonical divisor Wi t + • • ■ + Wi g _ 1 corresponds to the characteristic ijtoU 
where T = {ii, . . . , i g -i}. 

(ii) The semi-canonical divisor + • • • + Wi g — Wi g+1 corresponds to the characteristic 
rjTou where T ={h,.. .,i g +i}. 

(Hi) We have W h -\ \-W ig -W. lg+1 - 14^ H VW Vg -W v ^ if and only if{i l7 . . .,i g+ i} = 

{*i> ■ ■ ■ > i'g+it ° r {h, i g +i} U K, . . . , i' g+1 } ={l,...,2g+ 2}. 

Proof. See Chapter Ilia, Proposition 6.1 and Proposition 6.2. □ 

It is not difficult to prove the following lemma, cf. [jj], Section 6. 

Lemma 1.5. Let X be a hyperelliptic Riemann surface of genus g > 2 and fix an ordering 
Wi, . . . , W2 g +2 of its Weierstrass points. Consider the identification of the set of classes 
of semi- canonical divisors with the set of analytic theta characteristics as above. Let 
{ii, . . . , 12^+2} be a permutation of the set {1, . . . , 2g + 2}. Denote by % for k — 1, . . . , g 
the analytic theta characteristic corresponding to the semi- canonical divisor ^2 9 i=1 Wi t , 
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and denote by r\k for k = g + 1, . . . ,2g + 2 the analytic theta characteristic corresponding 
to the semi- canonical divisor (X)f=i — . T/ien £/ie set {771, . . . , r) g ,r)g+i, . . . , 772^+2} 
is a fundamental system of theta characteristics. 

It follows from Lemma 11.41 that the set T of fundamental systems that one gets by 
letting {ii, . . . , 129+2} range over the permutations of {1, . . . ,2g + 2}, is independent of 
the chosen ordering of the Weierstrass points, and even independent of X. In fact, the 
cardinality of T is ( 2s ^ 2 ) and an element {771, . . . , r\ gi r] g +i, ■ ■ ■ , 7723+2} G ^ is determined 
by the set {771, . . . ,%}. 

Considering Igusa's result, Guardia states in |§] then the following conjecture: 

Conjecture 1.6. (Guardia ^) Let {771, . . . , rj g , rjg+i, ■ ■ ■ ,7723+2} be a fundamental system 
contained in T , and let t be a period matrix associated to a hyperelliptic Riemann surface. 
Then the formula 

2g+2 

(??) J( 77l ,... ) 7j g )(r)=±7r s 1] % fe ](0;r) 

k=g+l 

holds. 

The above conjecture follows from Igusa's result if it were not for the fact that we 
don't know whether J(j]i, . . . , %)(t), as a function of r € Ti g , is contained in the ring of 
Thetanullwerte. We know that the conjecture is true for g = 2 by the Rosenhain relations 
and also for g — 3 by a result due to Frobenius 0, but in general the conjecture seems to 
be unknown. However, we are able to prove an easy consequence of Guardia's conjecture, 
mentioned by Guardia himself already in [Hj. 

Theorem 1.7. Let T be the set of subsets of {1, 2, . . . , 2g + 1} of cardinality g + 1, and 
let m := ( 2ff ^ 2 ) . Let r € Ti g be a period matrix associated to a canonical symplectic basis 
of the homology of a hyperelliptic Riemann surface. Then the formula 

J] J(77 1 ,..., 77 9 )(r) = ±^ m J] 7%™/](0;t) 2 s+ 2 

{Vl,---;Vg,Vg+l,---,V2 g -!-2}eJ r T£T 

holds. 

If we take the product over all {771, . . . , 77^, 77 g+1 , . . . ,772^+2} G J 7 in formula (??), we 
obtain the formula from Theorem ll.7l 

We derive our theorem from a study of the Arakelov theory of hyperelliptic Riemann 
surfaces. We start by recalling the main concepts from Arakelov theory, as well as some 
earlier results that we are going to use. Let X be an arbitrary compact and connected 
Riemann surface of genus g > 0. In the fundamental papers pQ and [S] we find definitions 
of a canonical (l,l)-form [i, an Arakelov- Green function G:IxI-> K>o, a normalised 
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theta function ||$|| on Pic ff _i(X), and a delta-invariant S(X). Let S(X) be the invariant 
denned by 

log S(X) := - J log (gP - Q) ■ M (P) , 

where Q can be any point of X. It can be checked that the integral is well-defined and is 
independent of the choice of Q. In our paper we gave the following explicit formula 
for the Arakelov- Green function of X. 

Theorem 1.8. Let W be the classical divisor of Weierstrass points on X . For P, Q points 
on X , with P not a Weierstrass point, we have 



G(P,Q)« = S(X) 



\\d\\(gP-Q) 



T\we W \\n(gP-wy/3 3 ■ 

Here the product runs over the Weierstrass points of X, counted with their weights. The 
formula is also valid if P is a Weierstrass point, provided that we take the leading coeffi- 
cients of a power series expansion about P in both numerator and denominator. 

In the same paper, we also gave an explicit formula for the delta-invariant of X. For 
P on X, not a Weierstrass point, and z a local coordinate about P, we put 

\\F \\(P)- km \^P-Q) 

Further we let W z (co)(P) be the Wronskian at P in z of an orthonormal basis {lo\, . . . , lo 3 } 
of the differentials H (X, fl x ) provided with the standard hermitian inner product (u>, rj) i— > 
| J x uj At). We define an invariant T{X) of X by 

T{X):=\\F z \\(P)- { ^ ■ J] WdWigP-W^-VIo* ■ \W z (cj)(P)\ 2 , 

wew 

where again the product runs over the Weierstrass points of X, counted with their weights. 
It can be checked that this does not depend on the choice of P, nor on the choice of local 
coordinate z about P. A more intrinsic definition is possible, see but we will not 
need this. 

Theorem 1.9. For Faltings' delta-invariant 5 (X) of X , the formula 

exp(6(X)/4) = S(X)- (9 -^/ 92 ■ T(X) 

holds. 

In the sequel, we will work with a modified Arakelov- Green function defined as 

G'(PQ) := S(X)~ 1/g3 ■ G(P, Q) . 

It follows from Theorem ll.Sl that this function is a simple quotient of two factors involving 
only values of ||i?||. It is also visible from the definition that the invariant T(X) is given 
in purely classical terms. 
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We will derive Theorem 11.71 from two theorems relating the modified Green function 
G' to the invariant T(X). For convenience, we introduce one more invariant. 

Definition 1.10. (Cf. {Tf\, Section 3.) Let again T be the set of subsets of {1,2,..., 2g + 
1} of cardinality g + 1. Write U := {1,3, . . . ,2g + 1} and let o denote the symmetric 
difference. The modular discriminant tp g is defined to be the function 

<P B {r) := J] %iw](0;t) 8 

on Jig (compare with the right hand side of the formula in Theorem 1 1.7f) . The function 
<p g is a modular form on T g (2) :— {7 S Sp(2<?,Z)|7 = li g mod 2} of weight 4r where 
r := (g+i)- Let A be a hyperelliptic Riemann surface of genus g > 2 and let r be a 
period matrix for X formed on a canonical symplcctic basis, given by an ordering of the 
Weierstrass points of X. Then we write ||y s ||(r) for the Petersson norm (det Imr) 2r -|<y9 g (r)| 
of (fig (t) . This does not depend on the choice of r and hence it defines an invariant \\ip g \\ (X) 
of X. This invariant is always non-zero, as we will see later (cf. Remark 14.711 . 

This is then our first main result. 

Theorem 1.11. Let X be a hyperelliptic Riemann surface of genus g >2, letm;= ( 29+2 ) 
and let n :— (J^) • We have 

Yl G'{W, W')^ 9 -^ = n - 2 9(9+2)rn . T ^-[g+2)m . ||^|| ( X )-f (ff+1) ( 
(W,W>) 

the product running over all ordered pairs of distinct Weierstrass points of X . 

The idea of the proof of Theorem 11.111 will be to construct a certain isomorphism of 
line bundles on the moduli stack I g of hyperelliptic curves of genus g. Over the complex 
numbers, these line bundles carry certain hermitian metrics. We then obtain the theorem 
by computing the norm of corresponding sections in both line bundles. It turns out that 
the structure of the Weierstrass locus of hyperelliptic curves in characteristic 2 is of crucial 
importance in the proof of the theorem, whereas the theorem is just a statement about 
certain Riemann surfaces. This illustrates very well the idea of Arakelov theory that 
the reductions of a curve to various characteristics 'influence' each other via the product 
formula. After some preliminaries in Sections |21 to 0] we give the proof of Theorem ll.lll in 
Section 

Our second main result looks like the first, except for the fact that now also the Jacobian 
Nullwerte come in. Let A be a hyperelliptic Riemann surface of genus g > 2 and fix 
an ordering Wi, . ■ ■ , W2C/+2 of its Weierstrass points. Take a subset W^, . . . , Wi g of g 
Weierstrass points, and for k = l,...,g let r/k be the odd analytic theta characteristic 
corresponding, as in Lemma H~4l to the divisor Xw=i i^k W*r We normalise the Jacobian 
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Nullwert in 771, . . . , % by putting || J\\(Wi! , ■ ■ ■ , W ig ) := (dot IniT)(f+ 2 )/ 4 | J fa, ...,%)(r)|, 
where r is a period matrix associated to the canonical symplectic basis of homology 
given by our ordering of the Weierstrass points. It may be checked that this definition 
is independent of the choice of canonical symplectic basis. The function \\J\\ is a special 
case of the || J|| defined in [Hj. 

Theorem 1.12. We have 

Y[ G'{W,W') n{g -^ = 

(W,W>) 

= r(X) -( 9 +2)™.||^|| (X) (/-l)/2. -Q ||J||( H / ii; ... jM / is )-(2 9 +4) ! 

{ii,...,i g } 

the first product running over all ordered pairs of distinct Weierstrass points of X , the 
second product running over the set of subsets of {1, . . . , 2g + 2} of cardinality g. 

The proof of Theorem 11.121 is not so involved and follows from Theorem 11.91 and a 
fundamental result in [3] concerning the function ||J||. We will turn to the proof of 
Theorem II .121 in Sectional 

To conclude this introduction, we show how to obtain Theorem 1 1 . 71 from Theorem ll.lll 
and Theorem 1 1.1 21 

Proof of Theorem \1.7\ Let X be a hypcrelliptic Ricmann surface of genus g > 2 and fix 
an ordering W\, . . . , Wi g +i of its Weierstrass points. A comparison of Theorem 11.1 II with 
Theorem II . 121 immediately yields that 

n \\j\\(w il ,...,w ig y=7r*n\<p 9 \Kxy +1 , 

{ii,...,i 3 } 

where the product runs over the subsets of {1, . . . , 2g + 2} of cardinality g. Dividing left 
and right by the appropriate power of det Imr and using the definitions of || J\\ and T we 
find that 

J] |J(ui,...,%)(r)| 4 =7r^ fl (r)r 1 > 
,i|j,i| s +i,...,i)2 5 +2}er 

where t is a period matrix associated to a canonical symplectic basis of the homology of 
X. Taking 4th roots and applying the maximum principle we find 

{m:---,Vg,ng+i,---,V2g+2}er TeT 

for all t £ Tig associated to a canonical symplectic basis of the homology of a hyperelliptic 
Riemann surface, where e is a complex constant of modulus 1. We find the right value of 
e by considering Fourier expansions on the left and the right as in pp. 86-88. □ 
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2. Hyperelliptic CURVES 

We will first focus on Theorem ll.lll It turns out that we need to consider hyperelliptic 
curves over an arbitrary locally Noetherian base scheme. The basic reference for this 
section is [T%] . 

Definition 2.1. Let B be a locally Noetherian scheme, and let p : X — ► B be a smooth 
projective curve of genus g > 2. We call such a curve hyperelliptic if there exists an 
involution a € Aut B (X) such that for every geometric point b of B, the quotient X-r/{o~) 
is isomorphic to P*^)' For a hyperelliptic curve p : X — > B, the involution a is uniquely 
determined. This is well-known for B = Spec(fc) with k an algebraically closed field, and 
the general case follows from this by the fact that Auts(A") is unramified over B (cf. [3], 
Theorem 1.11). We call a the hyperelliptic involution of X. 

Definition 2.2. By a twisted V B we mean a smooth, projective curve of genus over 
B. By Corollary 3.4, if q : y — > B is a twisted f B , there exists an etale surjective 
morphism B' —> B such that y B , = F B , . 

A hyperelliptic curve p : X — > B carries a relative dualising sheaf lox/b- We will 
sometimes leave out the subscript X/B if the context is clear. 

Proposition 2.3. Let p : X — > B be a hyperelliptic curve of genus g > 2 and let a 
be the hyperelliptic involution of X . The following properties hold: (i) the quotient map 
X — > X / (a) is a finite, faithfully fiat B -morphism h : X — > y of degree 2, where y — > B 
is a twisted V B ; (ii) after an etale surjective base change B' — * B we obtain from this a 
finite, faithfully flat B' -morphism h : X B > — > V B , of degree 2; (Hi) the image y' of the 
canonical morphism ir : X — > ¥(p*u>x i B ) is a twisted P B , and its formation commutes 
with arbitrary base change; (iv) there exists a closed embedding j : y — > F(p*lo x / b ) such 
that 7T = j • h. After a faithfully flat base change B' — » B, the embedding j is isomorphic 
to the Veronese morphism W B , <^-> P^T 1 . 

Proof. See |1H) . Theorem 5.5, Lemmas 5.6 and 5.7, and Remark 5.11. □ 

3. Canonical isomorphisms 

In this section we construct a canonical isomorphism on the base which involves the 
relative dualising sheaf and the Weierstrass subscheme of a hyperelliptic curve p : X — > B. 
We make use of the Deligne bracket (see 0]): this is a rule, compatible with base change, 
that assigns to a pair L, M of line bundles on X a line bundle (L, M) on B. The following 
properties hold: (i) we have canonical isomorphisms (L\ ® L2, M) — *{L\, M) ® (L2, M); 
(L, Mi M 2 )^ L >(L,M 1 ) ® (L,M 2 ) and (L, M)-^(M, L); (ii) for a section P : B —> X 
we have a canonical isomorphism (Ox(P), M) — >P*M; (iii) (adjunction formula) for a 
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section P : B — > X we have a canonical isomorphism (P, ujx/b)~*(P, P)®^ 1 ; (iv) if 
B = Spec(C) and L,M are admissible line bundles on X in the sense of Arakelov pQ, 
then (L, M) has a canonical structure of metrised line bundle (or metrised 1-dimensional 
vector space) on P, in such a way that all isomorphisms (i)-(iii) become isometries. We 
refer to these metrics as the canonical Arakelov-Faltings metrics on the Deligne bracket. 

Lemma l3.ll and Corollary 18.21 are modelled on [2], Proposition 1 and Proposition 2, 
respectively. 

Lemma 3.1. Let p : X — > B be a hyperelliptic curve of genus g > 2 and let a be the 
hyperelliptic involution of X . For any a-invariant section P : B — > X of p we have a 
unique isomorphism 

u x/B ^O x {(2g - 2)P) ® p*{P, P)®-( 2 s-i) 

which induces by pulling back along P the adjunction isomorphism (P,ojx /s) - > (-Pj P)® -1 . 
Its formation commutes with arbitrary base change. In the case B — Spec(C), this isomor- 
phism is an isometry if one endows both members with their canonical Faltings- Arakelov 
metrics. 

Proof. First of all, let P be any section of p. Let h : X — > y be the morphism from 
Proposition ^. 3 IT ) with y a twisted P^j with structure morphism q : y — > B. By composing 
P with h we obtain a section Q of g, and hence we can write y = P(V) for some locally 
free sheaf V of rank 2 on B (cf. ^Hjj Proposition 3.3). On the other hand, consider the 
canonical morphism tt : X — ► ¥(p*ui). We have a natural isomorphism uj = 7r*(Op( Pia ,)(l)). 
Let j : y — > P(p*w) be the closed embedding given by Proposition |23{iv) . By that 
same proposition, and by using a faithfully flat descent argument, we have a natural 
isomorphism j*(Op( p , tl ;)(l)) = Of(y)((9 — !))■ By [7j, II. 4. 2. 7 there is a unique line bundle 
L on B such that Op(y)((g — 1)) = Ofiy\((g — 1) • Q) (E> q*L. By pulling back along h, we 
find a natural isomorphism uj^Ox{{g — 1) • (-P + < T (P))) ®p*L. In the special case where 
P is u-invariant, this can be written as a natural isomorphism oj— >Ox((2g — 2)P) ®p*L. 
Pulling back along P we find that L = (cj, P) (g) (P, p)®-( 2 9-2) anc j adjunction 
formula (P, P) = (— P, u) then finally L = (P, p) l8 -( 2 9^ 1 ) . It is now clear that we have an 
isomorphism ui-^Ox((2g — 2)P)®p*(P, P)®~^ 2 9- x ) which induces by pulling back along P 
an isomorphism (P,ujx/b)—*(P, P)® -1 . Possibly after multiplying with a (unique) global 
section of 0* B , we can establish that the latter isomorphism be the canonical adjunction 
isomorphism. The uniqueness statement in the proposition follows then from the fact 
that p*Ox = Ob- The commutativity with base change is also clear from the general 
base change properties of the relative dualising sheaf and the Deligne bracket. Turning 
now to the case B = Spec(C), note that since both members of the isomorphism have 
admissible metrics with the same curvature form, the isomorphism must multiply the 



10 



ROBIN DE JONG 



Arakelov metrics by a constant on X. Since the adjunction isomorphism is an isometry, 
the isomorphism is an isometry at P, hence everywhere. □ 

From Lemma 13. II we deduce the following corollary: 

Corollary 3.2. Let p : X — > B be a hyperelliptic curve of genus g > 2. For any two 

a -invariant sections P,Q of p we have a canonical isomorphism of line bundles on B 

and its formation commutes with arbitrary base change. In the case B = Spec(C), this 
isomorphism is an isometry if one endows both members with their canonical Faltings 
metrics. 

Proof. By Lemma ETTl we have canonical isomorphisms ui^*Ox((2g— 2)P)®p*(P, p)®~( 2 9 _1 ) 
and u^>O x ((2g- 2)Q) ®p*(Q,Q)®-&o- 1 \ It follows that O x ((2g - 2)(P - Q)) comes 
from the base, and hence ((2g — 2)(P — Q), P — Q) is canonically trivial on B. Expand- 
ing, this gives a canonical isomorphism (p ; p)®2 9 -2 ^ ^ Q)® 2 9- 2 ^(p, Q)®2(2 9 -2) of 
line bundles on B. Expanding next the right hand member of the canonical isomorphism 
{Lo,Lo)^{O x {{2g-2)P)®p*{P,P)®- {29 - 1 \O x {{2g-2)Q)®p*{Q,Q)®- {29 - 1) ) gives then 
the result. The commutativity with base change is also clear. Finally it is readily verified 
that all isomorphisms here become isometries when restricted to B = Spec(C). Indeed, 
the Arakelov metric on Ox((2g — 2)(P — Q)) becomes a constant metric when one triv- 
ialises it; as a consequence the metric on {{2g — 2)(P — Q),P — Q) becomes the trivial 
metric. That the other isomorphisms are isometries follows from Lemma \{\. II □ 

Definition 3.3. Let p : X — > B be a hyperelliptic curve with hyperelliptic involution a. 
Then we call Weierstrass subscheme of X the fixed point subscheme of X under the action 
of (a) . It is denoted by W x / b ■ We recall at this point that in general locally, on an affinc 
scheme with ring R, the fixed point scheme for the action of a finite group G is defined 
by the ideal Iq of R generated by the set {r — g(r)\r € R,g G G}. 

Proposition 3.4. The following properties hold: the Weierstrass subscheme Wx/b of X 
is the subscheme associated to an effective Cartier divisor on X relative to B. It is finite 
and flat over B of degree 2g + 2, and its formation commutes with arbitrary base change. 
The Weierstrass subscheme Wx /b is etale over a point b € B if and only if the residue 
characteristic of b is not 2. After a faithfully flat base change, the Weil divisor given 
by the Weierstrass subscheme Wx jb can oe written as a sum W\ + • • • + W2 g +2 of ( not 
necessarily distinct) sections of p. 

Proof. See ^B], Proposition 6.3, Proposition 6.5, Corollary 6.8 and Theorem 7.3. □ 
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We call Weierstrass divisor the Weil divisor on X given by the Weierstrass subscheme; 
we will also denote it by Wx /b , an d no confusion is to be expected here. We will sometimes 
leave out the subscript X/B if the context is clear. 

Example 3.5. Consider the genus 2 curve p : X — > B := Spec(Z[l/5]) given by the afhnc 
equation y 2 +x 3 y = x. One checks that it has good reduction everywhere, hence p : X — > B 
is a hyperelliptic curve according to our definition. Over the ring R! := \/2\ it 

acquires six tr-invariant sections Wq, . . . , W§ where Wq is given by x — and Wk is given 
by x = — C| \/4 for k = 1, . . . , 5. One can check by hand that these cr-invariant sections 
do not meet over points of residue characteristic ^ 2, so that indeed the Weierstrass 
subscheme W is etale over such points. Over a prime of characteristic 2, all cr-invariant 
sections meet in one point Wq given in coordinates by x = y = 0. The degree 2 quotient 
map h : X^ 2 — > y := Xf 2 / (a) = is ramified only in this point Wq. 

Remark 3.6. In general, if B is the spectrum of a field of characteristic 2, then h : X — + 
X I (a) ramifies in at most g + 1 distinct points (c/. ^Hj; Remark on p. 104). 

In the following proposition we relate the relative dualising sheaf and the Weierstrass 
subscheme by a canonical isomorphism of line bundles on the base. 

Proposition 3.7. Let p : X — > B be a hyperelliptic curve of genus g>2. Then we have 
a canonical isomorphism of line bundles 

whose formation commutes with arbitrary base change, and which is an isometry in the 
case B — Spec(C). 

Proof. By Proposition ^. 41 after a faithfully flat base change we can write W as a sum of 
sections W = W\ + - ■ • + M / 2 ff +2- By the adjunction formula for the Deligne bracket we then 
have a canonical isomorphism (W, W ® ui) ®i=£j ^Wi > Wj), which is an isometry in the 
case B = Spec(C). On the other hand, by CorollarvEHlwe have (W it W 3 )®- 4 ^ 9 ~^ -^-*(uj, w) 
for each i ^ j, which is again an isometry in the case B = Spec(C). The general case 
follows by faithfully flat descent. □ 

4. Canonical sections 

The purpose of this section is to prove the following two propositions. 

Proposition 4.1. Let B be a regular scheme and let p : X — > B be a hyperelliptic curve 
of genus g > 2. Then the line bundle (det p*ujx / b)® S9+4 has a canonical trivialising 
global section Kx/b- I n the case B — Spec(C), let n :— { g +i); let r :— ( 2 g 9 t + 1 1 ) and let 
||A g ||(X) := 2-( 4 s+ 4 )' l ||(^,||p0 where X is the Riemann surface X(C). Then for the 
norm ||A|| of A the formula ||A|| n = (2tt) 4 s 2 ^|| A g \\(X) a holds. 



12 



ROBIN DE JONG 



Proposition 4.2. Let B be an irreducible regular scheme with generic characteristic 
7^ 2, and let p : X — > B be a hyperelliptic curve of genus g > 2. Then the line bundle 
(Wx IBjWx/b ^^x/b) has a canonical trivialising global section Ex/b- In the case B = 
Spec(C), the norm \\E\\ of E satisfies \\E\\ = 2-^+ 2 ~> i\(w,w) G ( W > W ')> the V™duct 
running over all ordered pairs of Weierstrass points of the Riemann surface X(C). 

For the proofs we need three lemmas. At this point we follow Section 6 rather 
closely. Let B = Spec(i?) with R a discrete valuation ring with quotient field K and 
residue field k. Assume that char(X) ^ 2. The quotient map R — ► k is denoted, as usual, 
by a bar ~ Let p : X — > B be a hyperelliptic curve of genus g > 2. 

Lemma 4.3. After a finite Stale surjective base change with a discrete valuation ring 
R' dominating R, there exists an open affine subscheme U = Spec(_B) of X' with E = 
A[y]/(y 2 + ay + b), where A = R'[x] and a,b £ A, such that f := a 2 — Ab £ K'[x] is 
separable of degree 2g + 2 and such that deg a < g + 1 and deg b < 2g + 2. For the reduced 
polynomials a, b £ k'[x] we have deg a = g + 1 or deg b > 2g + 1. 

Proof. After a finite etale surjective base change with a discrete valuation ring R' domi- 
nating R, we have by Proposition 12.31 a finite faithfully flat i?'-morphism h' : X' — > P)j, 
of degree two. Choose a point oo £ P^, such that Xjc> — > P^-; is unramified above oo, 
and let i be a coordinate on V = P^, — oo. We can then describe U := /i' _1 (V^) as 
U = Spec(i?) with E = A[y]/ (y 2 +ay + b) where A = R'[x] and a, b £ A. Moreover, if we 
assume the degree of a to be minimal, we have deg a < g + 1 and degfr < 2g + 2. Next 
let us consider the degree of /. By Proposition 0Q] the Weierstrass subscheme Wx'/B' is 
finite and flat over B' of degree 2g + 2. By definition, the ideal of Wx'/b 1 is generated 
by y — a(y) = 2y + a on U. Note that (2y + a) 2 = a 2 — 46 = /, which defines the 
norm under hi of Wx'/B' m ^r'- Since this norm is also finite and flat of degree 2g + 2 
over B 1 , and since Wx>/b' is entirely supported in U by our choice of oo, we obtain that 
deg(/) = 2g + 2. Since the norm of Wx< / b' i n Pjj/ is etale over K' by Proposition ^. 41 the 
polynomial / £ K'[x] is separable. Consider finally the reduced polynomials a,b £ k'[x\. 
Regarding y as an element of k'(Xk'), we have div(y) > — min(dega, \ deg b) ■ h'*(oo) by 
the equation for y. On the other hand it follows from Riemann-Roch that y has a pole at 
both points of h'*(oo) of order strictly larger than g. This gives then the last statement 
of the lemma. □ 

Lemma 4.4. Suppose we have an open affine subscheme U = Spec(-E) on X as in Lemma 
\4-3\ Then the differentials x l dx/(2y + a) for i = 0, . . . , g — 1 are nowhere vanishing on U 
and extend to regular global sections of ' u>x IB- 
Proof. Let F be the polynomial y 2 + ay + b £ A[y], and let F x and F y be its derivatives 
with respect to x and y, respectively. It is readily verified that the morphism Q E / R = 
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(Edx + Edy) / (F x dx + F y dy) — ► E given by dx i— > F y ,dy i— ► — -F x , is an isomorphism of 
P-modules. This gives that the differentials x l dx/(2y + a) for i = 0, ...,g— 1 are nowhere 
vanishing on J7. For the second part of the lemma, it suffices to show that the differentials 
x l dx/(2y + a) for i = 0, ... ,g — 1 on the generic fiber Uk extend to global sections of 
Qxk/k — but this is well-known to be true. □ 

Suppose that a polynomial / £ K[x] of degree d factors over an extension of K as 
/ = H Y\.i-\{ x ~ a i)- Then its discriminant D(f) is by definition given as D(f) := 
jj2d-2 Y\ (ai — dj). This element lies in R if the coefficients of / lie in R. 

Lemma 4.5. Suppose we have an open affine subscheme U = Spec(P) on X as in Lemma 
\4-3\ Then the modified discriminant A(/) := 2~ < - 49+4 - ) • D(f) is a unit of R. 

Proof. In the case that the characteristic of k is 7^ 2, this is not hard to see: we know that 
Wx k /k is etale of degree 2g + 2 by Proposition ^. 41 and hence / remains separable of degree 
2(7+2 in k[x] under the reduction map. So let us assume from now on that the characteristic 
of k equals 2. If C is any ring, and if P(T) = Y17=o Ui ^ 1 an<1 Q(T) — J2iLo Vi ^ % are tw0 
polynomials in C[T], we denote by R^' m (P,Q) £ C the resultant of P and Q. Recall 
the following property of the resultant: suppose that at least one of u n ,v m is non-zero, 
and that C is a field. Then R^' m (P,Q) = if and only if P and Q have a root in 
common in an extension field of C . Let F be the polynomial y 2 + a(x)y + b(x) in A[y] 
with A — R[x], and let F x and F y be its derivatives with respect to x and y, respectively. 
We set Q := R 2 y 1 (F, F x ) and P := R 2 ; 1 (F, F y ) = ib-a 2 = -/. Let H £ R be the leading 
coefficient of P, and abbreviate the modified discriminant A(/) of / by A. A calculation 
(cf. 13, Section 1) shows that R 2 J> +2 ^+ 2 (P, Q) = (H ■ A) 2 . We should read this equation 
as a formal identity between certain universal polynomials in the coefficients of a(x) and 
b(x). Doing so, we may conclude that A £ R and that H 2 divides R 29+2 ' 4g+2 (P,Q) in 
R. To finish the argument, we distinguish two cases. First assume that H ^ 0. Then 
degP = 2 5 + 2 and again a calculation shows that R 2 x 9+2 ' ia+2 (P ,Q) = (H-A) 2 . The fact 
that X k is smooth implies that R 2 x a+2 < ia+2 {P, Q) is non-zero, and altogether we obtain 
that A is non-zero. Next assume that H = 0. Then since P = a 2 we obtain that dega < g 
and hence degP < 2g. By Lemma FOl we have then 2g + 1 < deg& < 2g + 2. But then 
from 2deg(y) = deg(ay + b) and deg(y) > g (cf. the proof of Lemma IPjl it follows that 
in fact deg b = 2g + 2 and hence deg ^| — 2g since we are in characteristic 2. This implies 
that degQ = 4p. A calculation shows that R 2g ' i9 (P,Q) = A 2 . Again by smoothness of 
Xk we may conclude that R 29,4g (P,Q) is non-zero. This finishes the proof. □ 

Example 4.6. Consider once more the curve over R = Z[l/5] given in Example 13.51 above . 
In the notation from Lemma fOl we have a — x 3 , b = —x. We can compute D(a 2 — 46) = 
D(x 6 + Ax) = 2 12 5 5 so that A(/) = 5 5 which is indeed a unit in R. 
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We can now prove Propositions 14. II and 14.21 

Proof of Proposition Possibly after a faithfully flat base change we may assume, by 
Proposition 12.31 that p is a morphism p : X — > . The scheme X is covered by affine 
schemes U = Spec(-E) with E = A[y]/(y 2 + ay + b) and A a polynomial ring R[x}. For 
such an affine scheme U, consider V := Spec(^4). In the line bundle (detp*tt>£//y)® 8ff+4 
we have a rational section 

» ,,,,„ / (it x B ~ l dx^ 8 " ; 

A u/V := A(/)» • — — A ... A 



2y + a 2y + 

where A(/) is as in Lemma [4.51 One can check that this element does not depend on 
any choice of affine equation y 2 + ay + b for U, and moreover these sections coincide on 
overlaps. Hence they build a canonical rational section K X / B of (det p*uux / B ) mg+4 . By 
Lemma f4. 41 and Lemma f4. 51 this is a global trivialising section. The general case follows 
by faithfully flat descent. Now consider the case B = Spec(C). In that case, we can make 
a change of coordinates y' := 2y + a, x' := x so that we may write y a = f(x') as an 
equation for X, with / := a 2 — 46. We may then write 

/ , v \o fdr' a/a-WN ® 8s+4 

A-(2^ +4) ^) ff (^A...A^-^) , 

where D is the discriminant of /. Recall that we have a canonical isomorphism j : 
detH°(X ) u>) — »detir°(Jac(Af),w). Consider the Riemann surface X(C). Using the dif- 
ferentials /ii = dx'/2y', . ..,fx g — x' 9 ~ x dx' '/2y' corresponding to the equation y' = f(x') 
and a canonical basis of the homology of X(C), we can form a period matrix (fJ-\n') and 
the associated matrix r = /i~V in the Siegel upper half space. According to |17j . Propo- 
sition 3.2 we have the formula D n = ir 4gr (det /j,)- 4r ip g (T). We put A g := 2~( 4 f+ 4 )" • <p g . 
Let Z\, . . . , z g be the standard euclidean coordinates on Jac(A) = C ff /Z ff + rZ 9 . Then we 
have 

J -<»(8 g +4)r 1 ^ A ®r 1 ^ _ j®(Sg+A)n I ^ 2 ~ (49+4) • DJ ( — A ... A j 1 



: j®( 8 a+ 4 )" ^2-( 4 s+ 4 )9" 7 r 4 f 2 '-(detM)~ 49 V9(T) s ^ A ... A 
: j®(^+4)n ( ( 2 ^) 4 f 2r (det/i)- 49r A s (T) 9 ^ A ... A 



'da/ . x'^dx' 
2y' 



(8g+4)nN 



(27r) 492r A 9 (r) s ( ( iz 1 A ... A dz s )® (8s+4) " 



The claim on the norm of A follows since \\dzi A ... A dz g \\ = V det Imr. □ 

Remark 4.7. It follows from the above proof that ||</?g|| (A) ^ for a hyperelliptic Riemann 
surface A. 
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Proof of Proposition ^. 1\ By Propositions l2~31 and we can assume, possibly after a 
faithfully flat base change, that the image of the canonical map h : X — > X / '(a) is 
isomorphic to Pg, and that W is a sum of sections W = W\ + ■ ■ ■ + W2 g +2- The latter 
gives by the adjunction formula for the Deligne bracket a canonical isomorphism (W, W <S> 
l )^'^ ®i^tj{Wi, Wj). The latter line bundle contains a canonical rational section 3' := 
(lwj > lw})- We claim that H := 2~( 2fir+2 ) ■ 3' is a trivialising global section. The first 
statement of the proposition follows then by faithfully flat descent. In order to prove the 
claim, we assume that B = Spec(i?) with R a discrete valuation ring with chai(K) ^ 2. 
Also we assume that its discrete valuation v is normalised in the sense that v(K*) = Z. 
Then the valuation v(S') of 5' at the closed point b of B is given by the sum (Wi, Wj) 
of the local intersection multiplicities (Wi, Wj) above b of pairs of er-invariant sections. 
Suppose that Wi is given by a polynomial x — cti, and write oti as a shorthand for the 
corresponding section of P)j. By the projection formula (c/. ^HI; Theorem 9.2.12) we have 
for the local intersection multiplicities that i(Wi,Wj) = (2Wi,2Wj) — (h*a.i,h*a.j) = 
2(ai 1 otj) for each i ^ j hence (Wi,Wj) = ^(a i} aj) for each i ^ j. Now the local 
intersection multiplicity (ai, ctj) on above b is calculated to be v(cti — ctj). This gives 
that v(E') = Ei^jiWuWj) = - aj) = \v(D(f)). By LemmaEHwe have 

v(D(f)) = (Ag + 4)w(2) hence if we define 3 := 2~( 2s+2 ) • 3' we obtain a section with 
u(5) = 0, which is what we wanted. Turning finally to the case B = Spec(C), we see, 
since the adjunction isomorphism is an isometry, that ||3|| = 2~( 2s+2 ) Yli^j IIO-Wo lwj)||- 
The required formula follows. □ 

5. Proof of Theorem II. I II 

In this section we give a proof of Theorem ll.lll We will work on the universal hyperel- 
liptic curve of genus g. To be precise, let X g be the category with objects the hyperelliptic 
curves p : X — > B of genus g, and morphisms given by cartesian diagrams. Then X g is 
an algebraic stack in the sense of Delignc-Mumford [3], and according to Theorem 3, 
the stack X g is a smooth, closed substack of dimension 2g — 1 of the moduli stack M. g of 
smooth curves of genus g. We denote the universal family on X g by U g . 

The idea of the proof will be to apply our results from the previous section to the 
universal map p : U g — > X g , in order to obtain a canonical isomorphism of line bundles on 
X g . We obtain the theorem by comparing the norms of corresponding sections in these 
line bundles. We will need one more lemma. 

Lemma 5.1. We have that 7f°(I s ,G m ) = {— 1,+1}. 

Proof. It suffices to see that H°(X g ® C,G m ) = C* for then the lemma follows since 
X g — > Spcc(Z) is smooth and surjective. We can describe X g <g> C as the space of (2g + 2)- 
tuples of distinct points on P 1 modulo projective equivalence, that is we can write X g ®C — 
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((C \ {0,1}) 29_1 — A)/S f 2 g +2 (in the orbifold sense) where A denotes the fat diagonal 
and where S2 g +2 is the symmetric group acting by permutation on 2g + 2 points on P 1 . 
According to ^UJi the first homology of (C\{0, 1}) 29_1 — A is isomorphic to the irreducible 
representation of S2 g +2 corresponding to the partition {2<?, 2} of 2g + 2, in particular it 
does not contain a trivial representation of S2 g +2- This proves that Hi(T g ® C, Q) is 
trivial, and hence H°(J g ® C, G m ) = C*. □ 

Proposition 5.2. Let p : U g — > T g be the universal hyperelliptic curve of genus g. Then 
there is a canonical isomorphism 

$ : (detp»o;)® 12 ( 8fl + 4 )( 2s+2 )^+ 1 ^<W-,W(g)w)-® 4 ( 8ff + 4 )^- 1 ) 

of line bundles onX g . This isomorphism has the property that 

^ A «>12(2 S +2)(2 5 +l)-) = ±S -<»4(8 5 +4) 5 ( 5 -l) _ 

Over the complex numbers, the norm of ip is equal to ((27r)~ 49 exp(<5)) 89+4 ( 2fl + 2 23+1 _ 

Proof. We have on T g a canonical isomorphism : (detp*w)® 12 -^-+(aj, u) due to Mumford 
(cf. PD|)- Further, by Proposition 13 . 71 we have a canonical isomorphism 

which is an isometry over the complex numbers. Combining, we obtain a canonical iso- 
morphism ip as required. According to |19|. Theoreme 2.2, the Mumford isomorphism 
/x has norm (27r) _4ff exp(d) over the complex numbers. This gives then the statement 
on the norm of ip. Now let us consider the canonical sections A and 3 of Propositions 
14. II and 14.21 Since l g is smooth, these are trivialising global sections. We conclude that 
^( A 0i2(2 S +2)(2g+i)) = s -®4(8 9 +4) 9 ( 9 -i) only up to an e i ement f H°(J g ,G m ). However, 

we know by Lemma f5. II that the latter group is just { — 1, +1}. □ 

We can now give the proof of Theorem 11.111 

Proof of Theorem \l.ll\ Let p : X — > B = Spec(C) be the complex hyperelliptic curve 
such that X — X(C). By taking norms on both sides of the isomorphism in Proposition 
15. 21 we arrive at the following fundamental formula: 

((27r)- 4 3 C xp( ( 5(A))) (89+4)(29+2)(29+1) • || A|| ( jB )12(2 S +2)(2 ff +l) = || S || (s) -4 9 ( 9 -l)(8 9+ 4) _ 

Now let us see what we have for the individual terms from this formula. First, by Propo- 
sition IO we have ||A||(S) n = (2Tr) 4 9 2r \\ AJ(A) 9 , where ||A g ||(A) = 2^( 4 f+ 4 '" • ||^||(A). 
Second, by Proposition 14. 21 and the definition of G we have 

||S||(fl) =2-( 2 s+ 2 ) Y[ G(W,W') = 2- ( - 2 ^S(X)^+mg+D/9 3 G'(W,W), 

(W,W) (W,W) 
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the product running over all ordered pairs of distinct Wcierstrass points. Finally we have 
by Theorem Ol that exp(<5(X)/4) = S{X)-^-^/ a2 ■ T(X). We find the theorem by 
plugging in these results. □ 

6. Proof of Theorem II. 121 

In order to prove Theorem ll.l2l we take a fixed hyperelliptic Riemann surface X of genus 
g > 2, marked with an ordering W\, . . . , W2 g +2 of its Weierstrass points. Associated to 
these data we take an equation y 2 = f{x) putting W2 g +2 at infinity; we have then a 
canonical symplectic basis of homology, an associated period matrix a matrix r = 

/i~ V and an identification Pic g _i (X)^^C 9 /Z 9 + tZ s as explained in the Introduction. 
In particular, Lemma 1 1 . 41 applies . 

Lemma 6.1. The formula 

y g \\(x)= n \\nm 1 + --- + w lg -w lg+1 ) 4 

{ii,...,j 9+ i} 

holds. Here the product runs over the subsets of {1, . . . , 2g + 2} of cardinality g + 1. 
Proof. Using Lemma Il.4f iii1 we can rewrite the right hand side as 

n ii^ii(T^ 11+ ...+iy Is -^ 3+1 ) 8 

where now the product is over subsets of {1, . . . , 2g + 1} of cardinality g + 1. By Lemma 
I1.4f ii1 and Definition 1 1.101 this is equal to ||</? fl ||(X). □ 

The next result is a special case of a formula due to Guardia, cf. [5], Corollary 2.6. 

Proposition 6.2. Let Wi ± ,...,Wi ,W be distinct Weierstrass points of X . Then the 
formula 

WWn + --- + w ig - wy- 1 = exp(S(x)/8) ■ w,,..., w ig ) ■ U k lG ^Zl 3 ~' 

llk<l ^KWiki W k) 

holds. 

Proof of Theorem \ 1.121 From Proposition 16 . 21 and Theorem 11.91 we derive the relation 

Ur'iw un**-* 1 \\nm i + --- + w t9 -wf 9 - 2 „ 

M ( } 'rw — \\j\\(w n ,...,w^ — 3 ( " <J 

for distinct Weierstrass points Wi 1 , . . . , Wi g , W on X. We obtain 

n f[G>(w lk ,wr 9 - 2 

W^{W il ,....W ig }k=l 



Ylwt{w H ,.,w ig } IMI (Wh + ■ ■ ■ + W ig - wf 9 - 2 



t(x) 9 +i \\j\\{w h ,...,w ig y 9 +* 



\{G'{W^W H ) 9+2 . 
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Taking the product over all sets of indices {it, . . . ,i g } of cardinality g we find 



Yl G'{W, W') n{9 ~ 1] 



(W,W) 

1 



n 




\\n(W ll +--- + W. lg -Wfa- 2 



T(X)(9+ 2 ) m 



{ii, ...,i g } 



||J||(Wi 1 ,... s Wi,)^ 



From Lemma 16.11 we derive 



n n 



M\(W h + • • • + W ig - W) 2 ^ 2 = IKIKX)^ 2 - 1 )/ 2 . 



{i 1 ,...,i g }Wt{W il ,...,W ig } 



Plugging this in finishes the proof. 



□ 



7. Jacobi's derivative formula 



The arguments leading to the proof of Theorem 11.71 specialise to the case g = 1 with 
only little modifications. We end up in this case with Jacobi's derivative formula. Thus 
we are able to give a certain geometric content to the formula. Perhaps this answers 
Mumford's comment on Jacobi's derivative formula that "it remains a tantalising and 
beautiful result but not at all well-understood," cf. jU, Chapter I, §13. 

Proof of Jacobi's derivative formula. We consider the universal elliptic curve p : U\ — » 
M-t over the moduli stack of elliptic curves. Let cu be the relative dualising sheaf of p. 
Wc have on Ait the Mumford isomorphism /i : (p„lo)® 12 — >(u),ui), which is unique up 
to sign. It is easy to see that the canonical homomorphism p*p Sf io — > lj is in fact an 
isomorphism; in particular uj is pulled back from the base. This implies that (uj, uj) is 
canonically isomorphic to the trivial line bundle Omi, even as a metrised line bundle. 
This in turn means that we have a canonical global trivialising section S of (u),oj), with 
unit length over the complex numbers. Consider next the line bundle (p*uj) 12 . As we have 
seen in Proposition l4.il this line bundle carries a canonical global trivialising section A. 
By Proposition ^. II we can write A as 



A = (27r) 12 A(r)(dz) 812 , 
with A(r) := 2~ 8 (% 2 ](0; t)z% 3 ](0; t)?%4](0; t)) 8 , on a complex moduli point Spec(C) 



Aii corresponding to the elliptic curve C/Z+rZ. As in Lemma|0] we have H°(Ait,G m ) — 
{— 1,+1}. The conclusion is, as in the proof of Proposition 15.21 that /x(A) = ±3. Con- 
sider then norms as in that same proof: according to Theoreme 2.2 of the norm of 
H is equal to (27r) -4 exp(<5). Further, the norm of A is ||A|| = (27r) 12 (Imr) 6 |A(r)| and 
the norm of 5 is ||S|| = 1. Combining gives for an elliptic curve X = C/Z + rZ that 
(27r) 8 (Imr) 6 |A(T)| exp(<5(A)) = 1. By Proposition 16.21 we have for the delta-invariant 
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exp(— S(X)) = (Imr) 6 |i9[77i]'(0; r)| 8 , and plugging this in gives 

|0foi]'(O;r)| = 7r|i?[»b](Q;r)i?[Tj3](0;r)i?[»h](0;T)| . 

By the maximum principle we find an equality of holomorphic functions 

%!]'(0; r) = £7n% 2 ](0; r)i% 3 ] (0; r^P; r) 

of t in the complex upper half plane, where e is a complex constant of modulus 1. We 
find the right value e = — 1 by considering the g-expansions on the left and on the right, 
as in [2], Chapter I, §13. □ 
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